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Let G be the metacyclic group of order pq given by 
G = (u, r: u” = 1 = ry, ror ’ = u’). 
where p is an odd prime, q > 2 a divisor of p - 1, and where j belongs to the 
exponent q mod p. Let V denote the group of units of augmentation 1 in the integral 
group ring ZG of G. In this paper it is proved that the number of conjugacy classes 
of elements of order p in V is 
where V, p,,, and H are suitably defined numbers. 
1. INTRODUCTION 
Let G be the metacyclic group of order pq given by 
G = (u, r: up = 1 = rq, ror = a’), 
where p is an odd prime, q > 2 a divisor of p - 1, and where j belongs to the 
exponent q mod p. Let V denote the group of units of augmentation 1 in the 
integral group ring LG of G. In this paper we obtain the number v, of 
conjugacy classes of elements of order p in V. Our enumeration of 
conjugacy classes is constructive and we illustrate this by actually 
constructing representatives of conjugacy classes of elements of order p in 
the particular case of p = 7, q = 3. 
Questions of this kind have been considered by Hughes and Pearson [ 41 
for S,, Polcino Milies 151 for D,, and Allan and Hobby [ 1 ] for A,. 
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2. CONJUCACY CLASSES IN $ 
Let k = O!(i) with [= e’““*, and let k, be the fixed field of the 
automorphism p: [ H cj of k. We denote by P and Pi the rings of integers of 
k and k,, respectively; one checks easily that P is a free /t”,-module with 
basis 1, n,..., rcqP1, where rr= [ - 1 is the prime in P above the rational 
prime p. The prime in PO above p is z,, = (< - l)(c’ - 1) . . . (<j”-’ - 1). We 
recall that P/rrP = Z/pZ = PO/n,PO. 
We divide integral ideals of P (prime to 7~) in ideal classes; two ideals U 
and B being placed in the same ideal class if and only if 93 = a’u with 
ord,(a - 1) > 1 (since units in P represent all prime residue classes mod n, 
the condition ord,(a - 1) > 1 is unnecessary). Let H denote the number of 
those ideal classes, the ideals in which are free PO-modules of rank q. 
We put 
/l 71 . . $- 1 \ 
( 1 II= (p* . . . fyf-’ . . . 1 (pq-‘n .,. oq-‘71q-’ I 
and for any q x q matrix T, 
J,=Ii-‘TII. 
Let $“ denote the subgroup of GI.,(/n,) consisting of matrices X which r 
satisfy the congruence 
XE mod q,. 
Finally, let # denote the subgroup of GL,(.Z) consisting of circulants 
with 
u,+u,+~~~+u,~,=l. 
We then have [2, Theorems 1.6, 2.3, 2.41: 
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(1) The group V is the semidirect product of F and #‘/, the action of 
?i on .F’ being given by 
XL7 = J&J, ‘, UE z!‘,XE.F. 
(2) A torsion element of V is of order p if and only if it occurs in K . 
Before considering conjugacy classes in V of elements of order p. we shall 
first consider conjugacy classes in .K of such elements. It is clear that a 
matrix X with entries from PO is of order p if and only if it has an eigenvalue 
which is a primitive pth root of unity; if r is one such eigenvalue, then the 
eigenvalues of X are q, $ ,..., qj’-‘. Out of each collection of primitive pth 
roots of unity which are conjugate to each other over k,, we shall choose 
one and call it 7. For such q, we put E = E, = (q - l)/([ - 1); then E is a unit 
in /f. 
LEMMA 2.1. Let U be an ideal of/P’ which is prime to n and which is a 
free /PO-module of rank q. Then there exists a basis Q, , Qz ,..., Q, of as an 
/T,-module such that Oi is divisible exactly by rqmi for 1 < i < q - 1, and 
R,- 1 modz 
Proof. Let Q, ,..., 0, be a basis of ?I as an /“,-module with (‘Rq, rc) = 1. 
Choosing t in L such that J2, + tan, E 1 mod rr and replacing this basis by 
Qq,Q y-, ,..., Q,, 0, + t.Q,, we may assume that J2, = 1 mod rr. Choosing ti 
in k’ such that Rj + tin, = 0 mod rr for 1 < i < q - 1 and replacing the basis 
by Q, + t,12,,...,flqp, + tq-lRq,f2q, we may assume that each of 
Q a,-, I...., is divisible by 7~. Since xa, is an element of 3, therefore, 
n.Q,=x,Q, + *** +x,B,, xi E PO. 
Since 0, is not divisible by rr, it follows that rr and, hence, z0 divides xq. As 
the left-hand side is divisible exactly by 71, therefore, at least one of the 
Q , ,..., flqp,, say On,-,, is divisible exactly by 7~. Choosing ti in Z such that 
(Q;/n) + ti(Qq- 1/n) = 0 mod rc for 1 < i < q - 2 and replacing the above 
basis by Q, + t, Q,-, ,..., Q,-, + t,- 20qP,, sZ,- 1, 0,) we may assume that 
each of Q ,,..., R,-- , is divisible by rc*. Since rr2Qn, is an /‘6-linear combination 
of 0, ,...) a,, it follows that at least one of .R,,...,QqP,, say Q,-,, is 
divisible exactly by rc*, Continuing the same process, we get the desired 
basis. 
LEMMA 2.2. Let X = (xnu) be an element of .S’. Then the congruence 
classes module rtO of the subdiagonal elements of X are invariant under 
conjugation by elements of .J‘. Moreover, tf X is of order p then no element 
of the subdiagonal of X is congruent to zero mod no, and the last entry of the 
first row of X is divisible exactly by n,. 
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Proof: One checks easily that for two matrices X and Y in .fl the entries 
in the subdiagonal of XY are congruent mod x,, to the sums of the 
corresponding entries in X and Y. This proves the first assertion. Suppose 
now that X is an element of $” of order p and let q be one of its eigen- 
values, so that det(X- n) = 0. In the expansion of the above determinant, 
let T be any term other than (x, , - q)(x,, - 7) ... (x,, - r]) and 
xlq ’ x2lx32 “’ xq.q-l. Then T has either two factors of the form x.&S with 
;1 < ,D, or at least one factor of this kind and another one of the kind x,.,. - q, 
so that T- 0 mod rP+ ‘. It follows that 
(x,, - ~?)C%* - 7) ... (xqq -~)+(-1)4~1~,q~2,~~~~q,q~-l~Omod~qt’. (1) 
Since (x,, - n) ... (x,, - II) is divisible exactly by 7~“. the remaining 
assertions of the lemma follow. 
We fix, once and for all, a reduced residue system S for P0 modulo n,; 
elements of S will be denoted by s, , s, ,... . 
Let X = (x,,) be an element of .X’ of order p with 
x2, = S1) x32 = s2 ,...) x 4.4-, = s~-~ mod q,, (2) 
where s,, s2 ,..., sq-, E S. Let r] be an eigenvalue of X and let i, ,..., A., be the 
cofactors of the entries of the last row of X - v. Then the vector 
is an integral eigenvector of X corresponding to its eigenvalue q. It follows 
from (1) that 
Xl9 = &q mod 71. --p,s, ‘.. s,-, - 
Using (3) one checks easily that wi satisfy the congruences 
s,s2 ... s,-, w, = (&77)9-’ mod nq, 
s, ... s q-,w2 = (&7r)9-2 mod x9-‘, 
(4) 
S q-lw 9-,-&7L mod x2, 
Luq= 1 mod 7~. 
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In particular, it follows that o, ,..., wq are linearly independent over k, and . 
hence, 
is a free PO-module of rank q. Since cr” = ?F[q] and 
it follows that ‘u is an ideal of P, which is clearly prime to 7~. 
If (0; )...) w;)’ is another eigenvector of X corresponding to q and 
satisfying (4) the ideal ‘ZI’ = PO oi + . . . + P;‘,w; is related to 3 by %I’ = a2l 
with a in k, ord,(a - 1) > 1. 
Thus, to a matrix X = (x,,) in .zF having q as an eigenvalue and with 
X ,,+,+ = s, mod no, 1 <cl < q - 1, we have associated an ideal class of 
integral ideals in k which are prime to rr and which are free &modules of 
rank q. We recall that the class associated to X is the class of any ideal 
‘u =Fou, + ... ’ + PO co,, where (WI ,..., wq) T is an integral eigenvector of X 
corresponding to q and satisfying the congruences (4); to avoid repetitions, 
such vectors shall be said to belong to X. 
If X is as in the previous paragraph and X, any matrix in .%‘?;‘, then 
X’ =X,Xx;’ has q as an eigenvalue, and modulo rco has the same 
subdiagonal as X. If (o ,,..., mq)T belongs to X then (o;,~.., WA)’ = 
Xi(ai,..., mq)T belongs to X’; since det X, is a unit in frh, the ideals 
u’=p;w’l+ . . . +P;“ow; and 21=Fowu,+... + Powq are the same. Thus X 
and X’ lead to the same ideal class. 
Conversely, suppose that two matrices X and X’ in .zF have the same 
subdiagonal mod rco, the same eigenvalue r] (a primitive pth root of unity), 
and lead to the same ideal class of k. Thus, there exist vectors (~0~ ,..., mq)T 
and (w; ,..., wi)’ belonging, respectively, to X and X’ such that the ideals 
‘u=Irgo,+ ... +Pou, andYI’=P;,o;+... + PO u; are related by ‘3’ = a% 
with ord,(a - 1) > 1. Replacing wi ,..., oq by aw ,,..., awq, we may assume 
that ‘u’ = 3; hence, there exists Z in GL,(Po) such that (WI,..., w;)’ = 
Z(w, ,...) WJ. Using (4) for o1 ,..., CC)~ and WI ,..., wi, we see that Z is in K. 
Since ZXZ-’ -X’ is a matrix in PO which annihilates the vector (,u{,..., 0;) 
and since wi ,..., m():, are linearly independent over k,, we conclude that 
X’ = Z x Z-l. We thus obtain 
THEOREM 2.3. Two matrices X and X’ of order p in .P‘ are conjugate in 
.S” if and only if they have the same eigenvalue r, the same subdiagonal 
mod rro, and lead to the same ideal class. 
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We shall now count, for an ideal 2I which is prime to 7c and is a free PO- 
module of rank q, the number v(3) of conjugacy classes in .X of elements X 
of order p which lead to the ideal class of ?I. It would follow that the number 
of conjugacy classes in .K of elements of order p is 
where ‘u is an integral ideal prime to 7c, is a free 1”,-module of rank q, and 
runs through a system of representatives of classes of such ideals in k. 
Thus, let ‘u be any ideal of the above kind and let Q, ,..., 0, be a basis of 
the F;-module ‘u satisfying the conditions of Lemma 2.1. Let a, ,..., a*-, be 
elements of yO such that 
R. 
A=ajmodrr, z9-1 - l<i<q-1. (5) 
THEOREM 2.4. Let q be a primitive pth root of unity, let 
&= (rl- l,/(i- 11, and let a be an element of F; such that a& = 1 mod z 
Let s , ,..., sq-, be elements of S. Then there is a matrix X in &. having q as 
an eigenvalue, having its subdiagonal congruent to (s, ,.,., sq _ ,) mod rtO, and 
leading to the ideal class of ‘u f and only if the integer 
p=s, . s: . . . sz:; . aq(q-“/2. a, . . . aq-~, (61 
is congruent mod r,, to a unit of FO. 
Proof Suppose that there is a matrix X of the above type and let 
(W , ,..., mq)T be an eigenvector corresponding to q and belonging to X such 
that ‘u = ~Oool + ... + pOwq. Then there exists a matrix B = (b,,) in GL,(f’$) 
such that (w, ,..., mu,)’ = B(0, ,..., Qq)T. Since CO, ,..., LUG are, respectively, 
divisible exactly by x4- ‘, x~-~,..., rc”, and since the same is true of 0, ,..., .Oq, 
we see that 
b.,, = 0 mod x0 for 1 <p. (7) 
This together with (4) and (5) gives 
(y-1 s, ... s ,-,b,,a, = 1 mod q, , 
.s-z s2 ..’ s q.. , b22a2 = 1 mod rrO, 
(8) 
as b q-l q--l,q-laq-l 5 1 mod 7c0, 
b,, = 1 mod 7~~. 
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Multiplying the congruences (8) we have 
P. b,, . . . b,,r 1 mod q,. (9) 
Since B satisfies (7), therefore, b,, ... b,, is congruent mod x,, to det B which 
is a unit in PO. It follows that P is congruent mod x0 to a unit of PC,, 
Conversely, suppose that P is congruent mod rr,, to a unit u;’ of PO. Find 
integers b, ,..., b, in P0 such that 
SlSZ ... sq-, b * mod 71, 
s, *** sq-, b q-2 2 mod 7~. 
sq-I q-1 b mod rt, 
b,r 1 mod rr. 
Multiplying these congruences we obtain 
and, hence, there exists b in PO such that b, . . . b, = u,, + (-l)qblc,. The 
matrix B having diagonal (b, ,..., b4), subdiagonal (1, l,..., 1, b), having rrO as 
its l-q entry and having zeros everywhere else, has determinant u,, and, 
therefore, transforms the basis Q, ,..., 0, of ‘u to a basis w, ,..., w, which, in 
view of the congruences (lo), satisfies (4). Write 
with x.IP in F0 and let X= (x,~~). Since X(w, ,..., mq)T = q(w, . . . . . w,)‘, 
therefore, q is an eigenvalue of X and, hence, X is of order p; moreover, 
using the congruences (4), one checks easily that X E .K and 
X * , z.5 s , )...) X 4,4p, = s,-, mod 7~. 
Clearly, X leads to the ideal class of ‘u. The proof of Theorem 2.4 is thus 
complete. 
Since q has (p - 1)/q choices and since s2,..., sqP, have p - 1 choices 
each, Theorems 2.3 and 2.4 yield 
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THEOREM 2.5. The number v(U) of conjugacy classes in .K of elements 
of order p which lead to the ideal class of ‘u is 
where ,u,, denotes the number of residue classes in (“0 modulo x,, which are 
represented by units in PO. Hence, the number of conjugacy classes of 
elements of order p in .J‘ is 
+ (p - l)qP’/q,H. 
3. CONJUGACY CLASSES IN V 
We put 
9-l 
S(T)= fl (T--i7c)=T4-‘+~1Ty~z+...+~q~, 
i=l 
and 
6 = d(7c) = (7L - (077)(7L - (p27r) . . . (z - tpq-‘7L). 
Since T - z E T mod 7c, we have NklkO(T - n) = T4 mod 7~,, and, hence, on 
comparing coefficients, 
d,r?r, 6, E x2...., 6,-, =x9-’ mod q,. (12) 
The matrix I7 has the inverse 
6016 rp(&/& ... P”-‘(So/@ 
Here, for the sake of symmetry, we have put 6, = 1. 
One checks easily that the 2-P entry of J, = n-‘Ul7, 
U = circ(u, ,..., u,- 1) E Z?, is 
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Since 6 is the different of the extension k/k,, the a,, are integers of k,. By 
(12), 6,_, is divisible by zq-‘: moreover, 6 is an associate of zq-‘. It 
follows that for ,J ( p, (l/6) . a,-, . u,rp”(rF’) is divisible by rc and, hence, 
its trace aArc is divisible by z,. Thus, 
a ,l,,-Omod~,,, l<J</l<q. (14) 
Moreover, since 
q-1 
a .4A = \‘ 
“EO 
un Trk/k, f .6,-A . q”(P)), 
and since by [ 2, (lo)] we have 
it follows that 
q-1 
a,, = x ~,,j~(.‘~” mod no, 1<n<q. (15) 
n-0 
Now let X = (x,\@) be any matrix in X‘ of order p. Then Y = Xr’ = ( >rlu) 
is in ,X’ and YJ,, = J,,X so that, in particular, 
Using (14) and the congruences 
we obtain 
and, hence by (15), 
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Thus, the subdiagonals of X and Y = XU are congruent to each other mod rrO 
if and only if 
9-l 
\’ 
zo 
u, ’ j*.’ = 1 mod p, 1<n<q-1. (17) 
that is, if and only if (notice that cun = 1 and that 
det(j”‘) o<n..\<q-1 f Omod PI 
u. = 1, U, = 0 ,..., u,-, = 0 mod p. (18) 
The congruences (18) define a subgroup gi of i?/; let 
v= [?/ : #,I. (19) 
If U is in f/i, then by (14) and (IS), Jr, is in fl’ and, hence, X and 
X” = J,X.&’ are conjugate in g. Conversely, if X and X” (U in U) are 
conjugate in .K, they have the same subdiagonal mod n and, hence, U E ?!/I. 
It follows that for U, U’ in 9, Xc’ and Xc” = (X”)““’ 
I0 
are conjugate in S’ if 
and only if U’U-’ is in S’,. 
The conjugacy class in V of a torsion element X of g is the union of the 
conjugacy classes in 5’ of the elements X”, UE #. Thus. in view of what 
we have said above, v conjugacy classes in & combine to make a conjugacy 
class in V, and, hence, 
THEOREM 3.1. The number of conjugacy classes in V of elements of 
order p is 
v 
Hoff 
P =y(p- 1)4-l. 
Remark. The group ;// is isomorphic to the group of units of augmen- 
tation 1 in the integral group ring of the cyclic group of order q. Therefore, 
by a result of Higman 131, the entries of the elements of F? are 0, 1 provided 
q = 2, 3, 4, 6; in this case ?/i = 1 and, hence, v = q so that 
,’ 
POH 
P 
x2. (p- I)“- 
4 
4. AN EXAMPLE: p= 7,q= 3 
In this section we determine representatives of conjugacy classes of units 
of augmentation 1 which are of order 7 in the integral group ring of 
G = (a, r: u’ = 1 = r3. tori = a’>. 
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Here, 4’~ ezzi”, k = O(c), k, = Q(,/z7), ,u, = 2, v = 3, and H = 1 SO that 
V, = 8. The primitive 7th roots of unity break up in to two groups 
of conjugate elements over k,. We choose 7 = [ from the first and q = [’ 
from the second. We fix 5’ = (k-1, *2,+3). 
The only ideal under consideration is /t;, and we choose 
a, = .=, 0,=7C, Q, = 1, 
so that the integers a,, a2 defined by (5) can both be taken as 1. Next, 
V-1 
&=i_l=l if F/ = (, 
=1+i+<= if r=c3. 
Thus, E E 1 or 3 and, hence, a (of Theorem 2.4) can be taken as 1 or 5, 
according as q = [ or C3. Therefore, 
P?S,S; if q=c, 
= - -s, s: if r] = c3. 
Since the units in (“0 are f 1, therefore, the admissible subdiagonals in both 
cases are given by 
s,sz= fl mod 7. 
The group ~5’ consists of 1, U, and Cl2 with 
and the group %‘r reduces to identity. If the subdiagonal of X is -(s,, s2) 
mod q,, then the subdiagonal of XL’ and XU2 are, respectively, congruent 
mod rrO to (2s,, 2s,) and (4s,, 4s,) (see (16)). Out of three such subdiagonals 
we should choose only one. Thus, we take 
(s1, s,>= (1, 11, (-1, -1). (4 -11, (-19 1). 
For given s, , s2, r], we find b,, b, such that 
s1s2b, = E’, s,b, = E mod rr, 
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and take 6, = 1; then b,b,b, = fl - bzo. Let 
Write (uniquely) the entries of the first row of A as polynomials a,,([), a,([), 
and a,(i) of degree <6 such that the sum of the coefficients of the 
polynomials a,(T). a,(T), and a,(Z) are, respectively, 1, 0, and 0. Then the 
required unit corresponding to s, , s,, rl is 
q(a) + u,(o)s + a*(a)r2. 
We shall find representatives a,(~, r), 1 < i < 4, of the four conjugacy 
classes corresponding to s, = i 1, s, = f 1, q= < (so that F = 1). The four 
representatives of conjugacy classes corresponding to S, = f 1, sz = f 1, 
n = [” will result on replacing CJ by u3 in the above four units. This 
procedure is valid due to the following observations: 
(1) If ~(a, t) = u,,(u) + u,(u)5 + u,(u)u* is a unit for which the 
corresponding matrices 
have [ as an eigenvalue, then 
Tr(u,(i)) = Tr(A) = i + iz + i”. 
Hence, the corresponding trace for the unit ~(a”, r) will be [” + C6 + ip, so 
that the eigenvalue of the matrices corresponding to ~(a”, r) will be c3. 
(2) One checks easily that the subdiagonal of the matrix X 
corresponding to u(u, r) is congruent mod 7~” to 
s,~u~(l)+u~(l)+u~(l), 
s* = ah(l) + 2u;( 1) + 4ui(l). 
Hence, the subdiagonal corresponding to ~(a’, r) is congruent mod TC, to 
(33,) 3s,). 
CONJUGACY CLASSES IN GROUP RINGS 227 
Thus, the four subdiagonals of the matrices corresponding to the units 
ai(03, r), 1 < i < 4 are 
(3,3), (-3, -3), (3, -3), (-3,3) mod no, 
so that none of them is 2” times another mod 7. Therefore, the units a,(~‘. r) 
represent different conjugacy classes. These conjugacy classes are different 
from the earlier ones because of (1). 
We now find the various representatives: 
(i) s,=sz= 1, b,=b,=b3= 1, b=O. Then 
w1=rt2+7zo, w2 = 712 + x, wL)j= 1, 
7t2 = w, - 7cow3, 7r=-w1+w,+7r0w3. 
We have 
where 
7r3 = (t - 3)x2 + (3t - 2)n + 7ro, 
t = Tr,,, ,(O = i + i2 + c”. 
A simple calculation gives 
where 
-1-4t 5t-1 2t-13 
x= - 2t 
-1 
Another calculation then gives 
i 
ff0 aI a2 
A=flXfl-'= w2 w. wl 
q2aI v2a2 (02ao 
where 
a0 = -2[- <’ + 6c3 + 4c4 - 6<‘, 
a1 = 5 - 2<- [’ - SC’ + c” + 2c5 + 4c6, 
a2=-5+61;-[2+3~3-5[4-2[5+4[6. 
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Thus, the required unit is 
a,(~, r) = (-2~ - u2 + 6~” + 4~7“ - 6uh) 
+ (5 - 2u - u2 - 9u3 + u4 + 2uS + 4uh)r 
+ (-5 + 60 - u2 + 3u3 - 5a4 - 2~7” + 4u6)r2. 
This unit is conjugate in V to the group element u (because the invariants are 
the same). 
Proceeding as above, we see that: 
(ii) The unit corresponding to s, = -1, s2 = - 1, u = < is 
~~(5, r) = (3~’ + 8u3 - 20~ - 14~’ + 6u6) 
+ (-3 - 13~’ + 1 la3 - u4 + 120’ - 6u’)r 
+ (5 - 8u + 150’ - 17~” + 3u4 + 4~’ - 2u6)r’. 
(iii) The unit corresponding to S, = 1, s, = -1, !I= [ is 
a3(u, r) = (60 + 3 la2 - 14~” - 36~’ + 20u5 - 60’) 
+ (-11 - 28~ + 25~’ - 7~” + 35uJ - 30u5 + 16~~)~ 
+ (-1 + 36~ - 550~ + 17~ + 70~ + 6~’ - lOu’)r’. 
(iv) The unit corresponding to s1 = -1, s2 = 1, 17 = < is 
a,(~, r) = (-13~’ + 8u3 + 14~’ ~ 10u5 + 2u6) 
+ (5 + lOa - 1 lo’ + 5~” - 150” + 160’ - 10u6)r 
+ (-3 - 140 + 25u2 - 1 1u3 - uJ - 4~’ + 8u6)r’. 
Replacing u by a3 we obtain the representatives of the rest of the conjugacy 
classes. 
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